In this paper we first characterize the (Stepanov) asymptotically ω-periodic functions.
Introduction
The study of the existence of periodic solutions to differential equations is one of the most important topics in the qualitative theory, due both to its mathematical interest and its applications in many scientific fields, such as mathematical biology, control theory, physics, etc. However, some phenomena in the real world are not periodic, but approximately periodic or asymptotically periodic. As a result, in the past several decades many authors proposed and developed several extensions of the concept of periodicity, such as almost periodicity, almost automorphy, pseudo almost periodicity, pseudo almost automorphy, etc., and the same concept in the Stepanov sense (cf. [-] and references therein).
In this paper, R + is the interval [, ∞) and X is a complex Banach space. Let C b (R + , X) denote the space consisting of bounded and continuous functions from R + into X, endowed with the uniform convergence norm · ∞ . Set C  (R + , X) = {f ∈ C b (R + , X) :
lim t→∞ f (t) = }, and P ω (R + , X) = {f ∈ C b (R + , X) : f is ω periodic}. A function f ∈ C b (R + , X) is said to be asymptotically ω-periodic if it can be expressed as f = g + h, where g ∈ P ω (R + , X) and h ∈ C  (R + , X). The collection of such functions will be denoted by AP ω (R + , X). Let f = g + h ∈ AP ω (R + , X). Since g ∈ P ω (R + , X), one gets
The converse is not true. The authors in [] provided two examples to show that there exist bounded continuous functions which satisfy (.), but are not asymptotically ω-periodic. At the same time, (.) leads the authors in [] to propose the notion: a function f ∈ C b (R + , X) is said to be S-asymptotically ω-periodic if there exists ω >  such that lim t→∞ (f (t + ω) -f (t)) = . Obviously, S-asymptotic ω-periodicity is more general than asymptotic ω-periodicity. The authors in [] discussed qualitative properties of such functions on Banach spaces and gave some conditions under which an S-asymptotically ω-periodic function is asymptotically ω-periodic. Nowadays, both asymptotically and Sasymptotically ω-periodic functions have been applied to qualitative analysis for various kinds of problems. In [] , the authors studied the existence of S-asymptotically and asymptotically ω-periodic solutions for some class of abstract neutral functional differential equations with infinite delay. In [], the authors studied the existence and uniqueness of S-asymptotically and asymptotically ω-periodic solutions to an abstract differential equation with linear part dominated by a Hille-Yosida operator with nondense domain. With respect to asymptotic periodicity, it is natural to ask: if there exists a necessary and sufficient condition for asymptotically ω-periodic functions due to both its mathematical interest and its applications. Furthermore, if we consider asymptotically ω-periodic functions in the Stepanov sense, it is also natural to ask: if there exists a necessary and sufficient condition for asymptotically ω-periodic functions in the Stepanov sense. We remark that it is a natural idea to propose the concept of asymptotic ω-periodicity in the Stepanov sense which extend the one of asymptotic ω-periodicity to include locally integrable functions. Since the condition of continuity is not required, the concept of asymptotic ω-periodicity in the Stepanov sense can describe the real world more realistically. However, as far as we know, there is only a little work which used the concept of asymptotic ω-periodicity in the Stepanov sense (cf. [] ).
We will characterize asymptotic ω-periodicity and asymptotic ω-periodicity in the Stepanov sense, respectively, in Sections  and . Finally in Section  we will apply the criteria to investigate the existence and uniqueness of asymptotically ω-periodic mild solutions to semilinear fractional integro-differential equations with Stepanov asymptotically ω-periodic coefficients.
Criteria of asymptotically ω-periodic functions
Theorem . Let f ∈ C b (R + , X) and ω > . Then the following statements are equivalent:
Proof Clearly () implies () and () implies (). Suppose next that () holds and let f = f  + f  , where f  ∈ P ω (R + , X) and f  ∈ C  (R + , X). Now for n ∈ N, the periodicity of the function f  gives
when n ≥ N  for every t ∈ R + . Then, using (.), we conclude that f (t + nω) -f  (t) < ε when n ≥ N  for every t ∈ R + , which shows that f  (t) = lim n→∞ f (t + nω) uniformly on R + .
Hence () implies (). Finally, suppose that () holds. It is clear g is bounded on R + and g(t + ω) = g(t) for each
Thus, to show the continuity of the function g on R + we only need to prove that g is
Let ε > . Then, by assumption in (), we conclude that there exists a positive integer N  such that
On the other hand, since
Using (.), (.), and (.), we conclude that g(t) -g(t  ) < ε when |t -t  | < δ, which shows that g is continuous at t  . Moreover, g is continuous on [, ω] . Hence g ∈ P ω (R + , X).
Next, we will show that f -g ∈ C  (R + , X). Suppose that ε >  and there exists a posi-
Moreover, if we denote t = t + kω, where t ∈ [kω, (k + )ω] and k = , , , . . . , then we obtain
. This shows that () implies ().
Criteria of Stepanov asymptotically ω-periodic functions
Let p ∈ [, ∞) and q denote the conjugate exponent of p. 
is a Banach space. Define the subspaces of BS p (R + , X) by
Now we give the definition of asymptotically ω-periodic functions in the Stepanov sense.
Stepanov sense if it can be expressed as
The collection of such functions will be denoted by
There exists a function a ∈ S p AP ω (R + , X), but not in AP ω (R + , X). For concision, we only consider the case ω = π . Similarly one can exhibit examples for the general case ω > .
Example . Define the function
and define the function c :
We have a ∈ S p AP π (R + , R) because b ∈ S p P π (R + , R) and c ∈ BS p  (R + , R). However, it is not in AP π (R + , R) because it is not continuous.
Next we give the criteria of asymptotically ω-periodic functions in the Stepanov sense.
and ω > . Then the following statements are equivalent:
as n → ∞ pointwise on R + .
Let ε > . For fixed t ∈ R + , one has
In the same way, we have 
Next, we will prove that there exists N  ∈ N such that for any τ ∈ (, ω) 
Combining with (.), one gets
. This shows that () implies ().
Asymptotically ω-periodic solutions of semilinear fractional integro-differential equations
In this section, we will investigate the following semilinear fractional integro-differential equations: However, to the best of our knowledge, there is no work reported in literature on conditions under which the problem (.) has a unique asymptotically ω-periodic mild solution when the nonlinear perturbation is S-asymptotically or asymptotically ω-periodic in the Stepanov sense. Now we will apply the results obtained in Sections  and  to show that the problem (.) has a unique asymptotically ω-periodic mild solution as long as the nonlinear perturbation is asymptotically ω-periodic functions in the Stepanov sense and satisfies a Lipschitz condition.
First let us recall some definitions about sectorial linear operators. , M > , and μ ∈ R such that its resolvent exists outside the
Definition . [] A closed and dense defined linear operator
sector μ + S θ = μ + λ : λ ∈ C, arg(-λ) < θ and (λI -A) - ≤ M |λ-μ| , λ / ∈ μ + S θ .
Definition . [] Let
A be a closed and linear operator with domain D(A) defined on a Banach space X. We call A the generator of a solution operator if there exist μ ∈ R and a strong continuous function
In this case, S α (t) is called the solution operator generated by A. In particular, S α () = I [], Proposition .. We remark that the power function λ α is uniquely defined as λ α = |λ| α e iα arg(λ) , with -π < arg(λ) < π .
If A is sectorial of type μ with  < θ < π( -α  ), then A is the generator of a solution operator given by
where γ is a suitable path lying outside the sector μ + S θ (cf.
[, ]). Cuesta in [] proved that A is sectorial operator of type
for  < α <  and therefore S α (t) is integrable on (, ∞). Next we give some necessary basic definitions of fractional calculus.
Definition . []
The fractional order integral of order α >  with the low limit t  >  for a function f is defined as
where t > t  , α > , provided the right-hand side is pointwise defined on [t  , ∞), where is the gamma function.
Definition . []
Riemann-Liouville derivative of order α >  with the low limit t  >  for a function f : [t  , ∞) → R can be written as
where t > t  and n - < α < n.
For more details we refer the reader to [, , ]. We remark that a fractional calculus approach to the description of stress and strain localization in fractal media was introduced in [] . If A generates a solution operator, the variation of parameters formula allows us to write the solution of the problem (.) as 
We need the following lemma.
X). Let ω = n  + θ , where n  ∈ N and θ ∈ (, ). Then the following statements are true.
Proof First we can estimate
This shows (). Similarly we have
which shows (). We also get
The next result is the key to proving our main theorems.
Lemma . Let {S(t)} t≥ ⊂ B(X) be a strongly continuous family of bounded and linear operators such that S(t) ≤ φ(t), t ∈ R
We consider the terms I i (t, n) (i = , ) separately. First we will prove that I  (t, n) is a Cauchy sequence in X for each t ∈ R + .
For any p ∈ N, n ∈ N, one has
We see that
Then by Lemma .(), one has
. Then one gets I  (t, n, p) < ε when n ≥ N  uniformly for t ∈ R + .
For n ≥ N  , we see that
Now we estimate the term I  (t, n, p):
By Lemma .(), we get
By Lemma .(), we can choose N  ∈ N such that N  ≥ N  and
Next we estimate the term I  (t, n, p):
By Lemma .(), we obtain
Thus, I  (t, n + p) -I  (t, n) ≤ I  (t, n, p) + I  (t, n, p) + I  (t, n, p) < ε when n ≥ N  . This shows that I  (t, n) is a Cauchy sequence and we denote lim n→∞ I  (t, n) by F(t) for each t ∈ R + . Besides, from the proof we also know that lim n→∞ I  (t, n) = F(t) uniformly
Finally, we consider the term I  (t, n).
uniformly for t ∈ R + . We also have I  (t, n),
, which is like the case of u. For m ≤ t < m + , m ∈ N, one has
Now we can establish the main results of this paper.
Theorem . Assume that A is sectorial of type
. Let f be asymptotically ω-periodic in the Stepanov sense uniformly on bounded sets of X and assume that f satisfies a Lipschitz condition in X uniformly in t ∈ R + :
for all x, y ∈ X and t ∈ R + , where L is a positive constant. If CM|μ|
), where C and M are the constants in (.), then the problem (.) has a unique asymptotically ω-periodic mild solution.
Proof Define the operator α on the space AP ω (R + , X) by
and is nonincreasing. Combining with (.), Lemma . yields v α (t) ∈ AP ω (R + , X). Therefore,
which shows that
Hence α is a contraction mapping. To complete the proof of the theorem we only need to invoke the contraction mapping principle.
Theorem . Assume that A is sectorial of type μ <  with  < θ < π( -α  ). Let f be asymptotically ω-periodic in the Stepanov sense uniformly on bounded sets of X and assume that f satisfies a Lipschitz condition: 
Next we estimate the term By the Hölder inequality, we obtain
Therefore,
Finally, we provide an example to illustrate our results. Consider the following fractional differential equation.
